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Abstract

Many tabular prediction tasks involve predictors with different representations, for
which standard KNN may be limited by its fixed distance metric and uniform neighbor
weighting. This can lead to poorly represented neighborhood structures and suboptimal
predictive performance. To overcome these limitations, we propose a data-driven KNN
framework that incorporates an optimized, weighted distance function. Specifically, we ex-
tend classical KNN by introducing feature- and neighbor-level weights, enabling the model
to better account for mixed feature types and local sample relevance. We then develop a
tractable linear approximation to the learning objective, reformulating it as a large-scale
linear program that allows efficient estimation of weights. Theoretically, we prove that the
proposed method preserves the locality principle fundamental to KNN and satisfies Fisher
consistency under standard asymptotic conditions. Experiments on simulated data and sev-
eral real-world datasets demonstrate that our method achieves competitive and stable per-
formance relative to existing KNN variants. In particular, the simulation results illustrate
its empirical robustness under different data-generating mechanisms, feature-importance
patterns, and response-noise levels.
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1. Introduction

1.1. Background

In the era of big data, the volume and complexity of data are increasing, driving indus-
tries such as manufacturing, finance, and healthcare to leverage machine learning methods
for data modeling and analysis [1-3]. Among these methods, the k-nearest neighbors (KNN)
algorithm stands out as a simple yet effective non-parametric approach for classification and
regression [4]. Due to its interpretability and ease of implementation, KNN has been widely
applied in fields such as image recognition [5], recommendation systems [6], bioinformatics
[7], and text classication [8]. The core idea of KNN is to predict the label or value of a
target sample by identifying its K nearest neighbors based on distance metrics. This method
performs particularly well on datasets with clear local structures [9]. However, real-world
data often include a mix of continuous, categorical, and other data types. For example,
in industrial quality control, variables like temperature, pressure, and cycle time are con-
tinuous, while equipment model and defect type are categorical. In marketing, customer
income is numerical, while purchase preferences and satisfaction ratings are categorical or
discrete-valued.

A compelling example comes from medical diagnostics—for instance, in predicting heart
disease risk—where datasets often contain predictors with different representations, includ-
ing numerical measurements (e.g., blood pressure) and categorical variables (e.g., gender,
smoking status, and symptom categories). This mix of data types makes it difficult for
traditional KNN methods to perform effectively. As shown in Figure 1, even though patient
A and patient B have nearly identical blood pressure, they differ in symptom severity—a
feature more relevant to disease risk. Nonetheless, traditional KNN tends to select neigh-
bors primarily based on proximity in the numerical dimension, while failing to adequately
account for the information carried by discrete or categorical predictors, which may lead to
poor predictions. This example highlights a broader challenge in tabular data with predic-
tors of different representations: how to design a distance metric that adaptively balances
feature contributions and reflects their relative relevance to the prediction task. In this
work, we address this problem by learning feature-specific weights in a unified, data-driven

optimization framework.
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Figure 1: Illustration of misclassification risk in traditional KNN when feature relevance is not adequately
reflected in the distance metric, where selected neighbors may be close in one feature but di er in risk-
relevant attributes.

1.2. Related Work

To improve the predictive performance of KNN in increasingly complex data settings,
numerous KNN variants have been proposed in recent years. These approaches can be
broadly categorized into four main directions. One line of research aims to improve similar-
ity measures for KNN by capturing richer structural information than traditional metrics
such as Hamming or Jaccard distances. Le and Ho [10] introduced association-based dis-
similarity metrics that account for feature co-occurrence patterns, while Ienco et al. [11]
proposed context-sensitive distance learning that adapts to local data structure. Boriah
et al. [12] showed that incorporating similarity matrices can enhance KNN’s discriminative
power. A second research direction focuses on feature weighting, where the aim is to assign
higher importance to informative attributes during distance computation. This is particu-
larly beneficial for categorical data, where treating all features equally can obscure relevant
patterns. Chen and Guo [13] proposed a ranking-based scheme that assigns larger weights to
more discriminative features. Nababan et al. [14] used gain-ratio scores to quantify feature
relevance, while Karabulut et al. [15] explored weighting strategies specifically tailored for
categorical feature spaces. These approaches consistently demonstrate improved predictive
performance by embedding feature relevance into the similarity metric.

A third line of research focuses on adaptive and weighted KNN methods, which modify
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the construction of neighborhood sets or adjust neighbor contributions during aggregation.
Instead of relying on a fixed k, some approaches dynamically determine the neighborhood
size based on local data characteristics. For instance, Han et al. [16] proposed a weighted
adaptive KNN algorithm, while Ougiaroglou et al. [17] and Garcia-Pedrajas et al. [18] intro-
duced dynamic K-selection strategies that respond to local distributional structures. Other
studies refine the aggregation mechanism by assigning different importance to neighbors.
Rastin et al. [19] developed a relevance-based weighting scheme based on proximity and
label similarity. Amer et al. [20] introduced a local mean-based fuzzy KNN framework
that computes class memberships using class-wise local mean representations. Abdalla and
Amer [21] proposed a locally informed weighted KNN that assigns and updates instance-
level weights during prediction. Amer et al. [22] incorporated neighborhood-consistency
scores, such as proximity ratios, as weighting factors, while Amer et al. [23] applied distance-
and rank-based weighting schemes within the standard KNN framework. Finally, Abdalla
et al. [24] modified the decision mechanism by adopting class-wise neighbor selection and
mean-based fuzzy membership aggregation. A fourth research direction focuses on ensemble
methods. These approaches enhance predictive performance by combining multiple KNN
variants within a unified aggregation framework. For instance, Ali et al. [25] proposed an
ExNRule-based ensemble using extended neighborhood rules, while Ali et al. [26] further
incorporated random projection and out-of-bag model selection to improve robustness and
diversity. Similarly, Abdalla et al. [27] integrated three distinct KNN variants into a single
ensemble model, aggregating their class-wise outputs through additive weighting to obtain
the final prediction.

Table 1 summarizes recent KNN-based algorithms and their main strengths and limi-
tations. Although these methods have improved KNN from different perspectives, most still
face challenges in mixed-type settings: (i) similarity-based methods are typically designed
for single-type features; (ii) feature-weighting methods improve discrimination but often
lack flexibility across heterogeneous feature types; (iii) adaptive neighbor-weighting meth-
ods enhance local adaptability, but they usually operate on a predefined distance structure
and therefore do not explicitly learn a task-adaptive metric for heterogeneous data; (iv)
ensemble-based methods improve robustness and predictive performance, but usually intro-
duce substantially higher computational complexity.

Table 2 summarizes representative KNN variants across key methodological aspects.

Beyond the four main research directions discussed above, Ali et al. [28] proposed a double-
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Table 1: Representative KNN variants across four research directions with their main strengths, limitations,
and applications.

Category Method References  Strengths Weaknesses Application
0) Similarity mea- [10-12] Improved distance Struggles with mixed data; Primarily for homo-
sures metrics; Context-aware Data heterogeneity geneous datasets
similarity
(i) Feature weighting [13-15] Enhances classification; Mixed-type di culty; Com- Datasets with clearly
Weights important fea- putational overhead important features
tures
(iii) Neighbor selection [16-24] Dynamic k; Weighted Higher computational cost; Varying data density
and weighting neighbor selection Complex implementation scenarios
(iv) Ensemble methods  [25-27] Improves  robustness; Higher computational cost; Complex classifica-
Enhances diversity Reduced interpretability tion tasks

weighted KNN framework that combines feature-level and neighbor-level weighting, which
can be viewed as a hybrid of these two strategies. In general, many recent KNN extensions
improve predictive performance by introducing distance-based or rule-driven reweighting
mechanisms for neighbor contributions. For example, in Amer et al. [20] and Abdalla and
Amer [21], neighbor weights are computed using predefined scoring schemes such as prox-
imity ratios, distance-based interpolation, or rank-based rules within the standard KNN
framework. These approaches enhance discrimination at the neighbor aggregation stage
while operating under a fixed distance structure. Although such strategies can effectively
refine local decision boundaries, the underlying feature distance is typically specified a pri-
ori after encoding and is not learned through a unified optimization objective. As a result,
the relative importance of heterogeneous feature types (e.g., continuous, and categorical)
is not directly optimized with respect to prediction error. In mixed-type tabular settings,
where feature scales and informational contributions differ substantially, explicitly learning
a task-adaptive distance metric may lead to a more representative neighborhood structure
and improved generalization.

To address these limitations, this study introduces a data-driven KNN framework based
on an optimized weighted distance metric. Unlike rule-based reweighting approaches, the
proposed method formulates weight learning as a unified optimization problem, directly
minimizing a prediction-error-driven objective under explicit constraints. The framework is

further motivated by correlation constructions in Gaussian process models, which provide
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a principled way to quantify similarity among predictors with different representations [29-
32]. By adaptively emphasizing informative features and down-weighting irrelevant ones, the
proposed approach constructs a more appropriate distance structure and thereby improves

predictive accuracy and stability [33, 34].

Table 2: Summary of representative KNN research directions and the proposed method across several
methodological aspects.

Method Feature weights ~ Neighbor weights  Unified optimization = References
Similarity measures X X X [10-12]
Feature weighting v X X [13-15]
Neighbor selection and weighting X v X [16-24]
Ensemble methods X v X [25-27]
Double-weighted KNN v v X [28]
LP-based weighted KNN (Proposed) v v v This paper

Building on this idea, we introduce a general weighted distance formulation into the
KNN framework. Unlike prior approaches that focus solely on feature weighting, our method
incorporates both feature-level and neighbor-level weights. This combined weighting scheme
addresses imbalances in feature contributions and refines distance measurement by jointly
considering feature relevance and neighbor influence. To efficiently estimate the feature
weights, a linearized approximation of the prediction error is employed, enabling the op-
timization problem to be cast as a large-scale linear programming (LP) problem. A key
theoretical contribution lies in establishing that the proposed model preserves the core KNN
principle of “similarity by proximity”. Building on this foundation, we further prove that
the model satisfies Fisher consistency under asymptotic conditions, ensuring convergence to
the Bayes optimal rule as the sample size increases. The main contributions of this paper

are as follows:
= A data-driven KNN framework is proposed that integrates both feature-level and

neighbor-level weights to construct a task-adaptive weighted distance.

= A linearized approximation method is introduced to construct a tractable LP formu-

lation for estimating feature weights adaptively, thereby avoiding exhaustive search.

= Fisher consistency is proved, ensuring asymptotic convergence to the Bayes-optimal

predictor.



The rest of the paper is organized as follows. Section 2 introduces the model framework.
Sections 3 and 4 give the data-driven weighted KNN model and its implementation. The-
oretical analysis is provided in Section 5. Sections 6 and 7 present simulation studies and
real-world applications, respectively. Conclusions and discussions are presented in Section 8,

and additional results and technical proofs are provided in the supplementary material.

2. Framework Overview and Weighted Distance

Figure 2 illustrates the overall structure of the proposed data-driven weighted KNN
framework. The method comprises four core components: feature-weighted distance compu-
tation, linearized weight estimation, prediction, and theoretical consistency analysis. Specifi-
cally, the model takes a tabular feature matrix as input and improves similarity measurement

by learning optimized feature weights, thereby enhancing predictive accuracy.
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Figure 2: Overview of the proposed data-driven weighted KNN framework: feature-weighted distance learn-
ing, LP-based weight estimation via linearized optimization, prediction, and Fisher-consistency analysis.



We begin by formalizing the input representation. Consider a subject with a response

y and a feature vector X = (W;z) comprising both continuous factors w = (w?;:::;wP)
and categorical factors z = (z%;:::;z%). Suppose we observe n independent observations of
(X;y). The full dataset can be written as an input matrix = (X1;:::;Xn)’ 2 R" # and an

incorporates feature-specific weights. Let = ( 1;:::; &)’ denote the vector of positive
weights associated with the features. These weights are used to compute a weighted distance

between data points, as outlined in Definition 1.

Definition 1 (Weighted Distance). Consider two data points X; and X; from the dataset.

The distance between these two vectors is defined as:
het
%X .
d (xi;Xj) = ;O xh)?; (1)
j=1

where dr(x‘;;xfo) represents the distance between the j-th features of elements i and i’; this
distance can be Euclidean, Hamming, Manhattan, or any other suitable metric [35]. The
weights 1;:::; » determine the relative contribution of each feature in the overall distance.

To provide further intuition, consider again the medical diagnostic scenario introduced
earlier, where the dataset includes blood pressure (numerical) together with categorical or
discrete clinical descriptors such as gender and symptom severity levels. Suppose that symp-
tom severity is more relevant to the prediction task than gender. In Equation (1), assigning
a larger weight j to symptom severity increases its contribution to the overall distance.
Consequently, two patients with similar blood pressure but substantially different symptom
severity will have a larger weighted distance and are therefore less likely to be selected as
neighbors. In contrast, less informative features with smaller weights contribute less to the
distance computation. Through this adaptive weighting mechanism, the distance metric re-
flects task-specific feature relevance rather than treating all features equally. The weighted
distance defined above plays a central role in the proposed framework, as it allows more
informative features to exert greater influence in both neighbor selection and prediction.
When the feature weights are strictly positive, this distance function satisfies the four fun-
damental properties of a metric—non-negativity, identity of indiscernibles, symmetry, and

the triangle inequality. A formal proof is provided in Supplementary Section S1.
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Building on the weighted distance formulation, the proposed framework incorporates an
additional neighbor-level weighting scheme to enhance prediction accuracy. This is imple-
mented via a surrogate prediction function that accounts for neighbor influence. To enable
efficient training, we linearize the surrogate function and objective, leading to a tractable
LP for learning feature weights (Section 3). Once trained, predictions are made using a

standard KNN structure augmented with learned weights (Section 4).

3. Weight Estimation via Linearized Optimization

We propose a tractable approach to estimate the feature-level weights  used in the
distance function. To avoid the intractability of direct nonlinear optimization, we introduce
a differentiable surrogate prediction function and linearize it via first-order Taylor expansion
(see Section 3.1). Based on this linearization, we formulate a convex objective for estimating

N

the feature weights ”, enabling efficient training and adaptive feature reweighting of the

model (see Section 3.2).

3.1. Surrogate Prediction Function

A common KNN predictor uses hard voting over the kK nearest neighbors through an
indicator rule. However, this discrete mechanism does not readily accommodate feature-
specific weighting or enable smooth optimization. Following the soft similarity idea of Tan
[36], we replace hard voting with a distance-based weighting scheme: each training sample
Xio contributes to the prediction at X; with weight wi(Xp) = (1 +d (Xi; Xit)?) YK This
function ensures that closer neighbors receive more influence, while the parameter kK controls
the rate of decay: smaller values emphasize locality, whereas larger values allow broader
neighborhoods to contribute. Figure 3 visualizes this effect, and further interpretation is
provided in supplementary Section S2.

Using this distance-based weighting, the surrogate predicted output for each data point

X; is defined as: .
=1 YioW;(Xj0)

= P . 2
0 — ¥ .
i o—q Wi (Xit) @
il6=i
Note that this formulation is used exclusively during the training phase to estimate . It

serves as a differentiable and analytically tractable surrogate for KNN-based prediction,

enabling us to define a continuous loss function over the entire training set.
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locality via faster decay.

However, despite its smoothness, the surrogate still involves nonlinear distance compu-
tations that complicate direct optimization. To enable a tractable optimization procedure,
we linearize the surrogate prediction function defined in Equation (2). Specifically, we apply
a first-order Taylor expansion to the kernel function (1 +X) 2 as X ¥ 0, which yields:

1 —
(1+x)?

This approximation is valid when the weighted distances between data points are sufficiently

1 ax+o(x):

small. Fortunately, this condition can be enforced without affecting neighbor selection:
scaling the weight vector by a positive constant does not alter the ordering of distances,
ie.,, d andd induce the same k-nearest neighbors.

This scaling invariance allows us to normalize the weights so that all pairwise distances
satisfy d (Xi;Xp) 1, ensuring the validity of the linear approximation. In practice, this
constraint also simplifies implementation—since only the relative values of  matter—and
enables easy verification by checking that O00;.pd (Xi; Xp)? < 1.

This allows each neighbor weight to be approximated via a first-order Taylor expansion,
retaining only the leading quadratic term in distance [37]. For any pair of points (Xj; Xp),

we have:
1

(1+d (Xi; Xjp)?)Vk

Applying this approximation, the numerator becomes

1 G xe) +0(d 0 xe)):

P
?):1 yio [1 d? (Xi; Xj0)/K], and

i%&i

11



P
the denominator becomes n 0_; 02 (Xi; Xp)/K. Substituting into the prediction rule and
il&i

simplifying gives the linearized approximation for the predicted output, denoted as Y&,
which represents the first-order approximation of ¥:
n #
ap _ 1 X 1 ) 1 X X
WO == yp 1 =d (X Xp)t + = d (Xi; Xjn)* (3)
n._ Kk nk
Ii0§=i1 Pl

This expression is obtained by omitting higher-order terms, assuming that distances
raised to the fourth power and beyond are negligible. Intuitively, this approximation lin-
earizes the original nonlinear weighting function via a first-order Taylor expansion in a local
neighborhood where pairwise distances are small, yielding a prediction expression that is
approximately linear in . Since scaling  does not change the distance ordering, the
approximation does not affect neighbor selection, and the neglected higher-order terms in-
troduce only minor errors. As a result, §¢* becomes an explicit and approximately linear
function of |, which is used in the next subsection to construct the LP-based training
objective.

Remark. The use of linear programming in the proposed framework is not merely a
choice of optimization solver, but a direct consequence of the model design. By linearizing
the prediction error with respect to the feature weights, the original nonlinear weighting
problem is transformed into a structured linear program with well-defined constraints and
a globally optimal solution. In contrast to approaches that rely on grid search or local
update rules for weight selection, the LP formulation provides a stable and interpretable
mechanism for learning the weights and can be solved efficiently using standard LP solvers.
This formulation also naturally supports the joint learning of feature-level and neighbor-
level weights within a unified framework, which is difficult to achieve in existing weighted

or metric-learning KNN methods.

3.2. Objective Function

Having obtained the linear approximation of the predicted output (Equation (3)), we
now formulate an optimization problem to learn the feature weights . The goal is to
minimize the discrepancy between the linearized prediction and the true response over the
training data. For regression tasks, we adopt the absolute error as the loss criterion, leading

to the following objective:



where ¥ denotes the linearized prediction for observation i, as defined in Equation (3). For
notational simplicity, we drop the superscript “app”.

To enable efficient optimization, we express the absolute value using auxiliary slack
variables €; 0, satisfying: ¢ ¥ Vi, and e Vy;j ¥i. This reformulation converts the
non-smooth objective into a linear program, allowing the entire estimation procedure to be
solved using standard LP solvers. It also avoids potential instability associated with direct
optimization over non-differentiable loss functions.

Based on the linearized prediction function and absolute error loss, the feature weights

can be estimated by solving the following linear program:

1 X

Qg h
ey

i=1

s.t. € y‘. Vi
e Yi Wi o, "

X 1 , 1 X ) (4)
yio 1 Ed (Xi; X))~ + & d (Xi; Xjn)" ;

i'=1 =1
i'6&i

d (xi; Xi°)2

S|

¥

1 -
2 )
ji= 0:
To guarantee that this LP is well-defined for any dataset, we next establish Theorem 1,

which shows that the feasible set is nonempty under a mild scaling of the feature weights and

that the resulting problem is convex. The proof is provided in supplementary Section S3.1.

Theorem 1 (Feasibility and Convexity). Under the distance definition in Definition 1, the
LP described above is convex and is feasible. In particular, feasibility can be ensured by
L=2# O00ipd;(<; xb)%

selecting the weights j such that ;

Convexity follows directly since the objective function and all constraints are linear in
the decision variables ( ;¥;€). As a result, the optimization falls within the class of LPs,
for which global optima can be found efficiently. In terms of scalability, the total number
of decision variables is 2n + #, which grows linearly with the sample size n and the number
of features #. This ensures that the problem remains computationally tractable for a wide

range of practical datasets.
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4. Prediction Procedure and Algorithmic Implementation

Having formulated a complete linear optimization problem for learning feature-specific
distances, we now present the implementation of the proposed method. This section includes
the procedure for making predictions on new data (see Section 4.1), algorithmic workflow,

and computational complexity analysis (see Section 4.2).

4.1. Prediction Using the Learned Distance Metric

Once the feature weights ” are learned—Dby solving the LP defined in Theorem 1 using
a standard solver (see supplementary Section S4)—predictions for new data points are made
using a k-nearest neighbors procedure. Let neigh, (X:) denote the indices of the Kk training
points closest to a new input X-, as measured by the learned distance metric d~. The choice
of k follows standard practice and is determined via cross-validation on the training set. Each
neighbor X; 2 neigh, (X:) contributes a weight given by: w;j(X:) = (1 + d(X;; X:)?) YK The

final predicted output ¥ is computed as:

Definition 2 (Prediction Rule). Given a new input X-, the predicted output y- is:

8 (P )
D YW (X , I
P2neigh(x) 711 L (Binary classification)
i2pighi () wi(X:)
o i = cgwi(x-
¥ = _ 000000 — 2l Ce) fyi = cowi( ); (Multi-class classification)
c2y i2neigh (X+) Wi (X)
2neiaiex) YIWi (%), (Regression)
. i2neigh (X<) Wi(X‘) . 9

4.2. Algorithm Description and Complexity Analysis

The complete procedure is presented in Algorithm 1, which integrates the three major
components of our framework: weight estimation via LP, selection of the optimal number of
neighbors, and prediction for new data points based on the learned metric. In particular, the
feature weights  are learned during the training stage. For each candidate neighborhood
size K, the linear programming model defined in Theorem 1 is constructed on the internal
training subset and solved accordingly. The weight-learning process is considered complete
once the solver reaches an optimal solution under the specified constraints. The learned
weights are then fixed and used for prediction on the test data. This unified algorithm
therefore provides a complete and coherent workflow for implementing the proposed distance-

weighted KNN framework, from training to inference.
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The complete procedure is summarized in Algorithm 1. The algorithm consists of three
main stages: LP-based feature-weight learning, validation-based selection of the neighbor-
hood size, and prediction for new data points using the learned metric. Specifically, the

training data are first split into an internal training subset and an internal validation sub-

the linear programming model in Theorem 1 is solved on the internal training subset to
obtain the corresponding learned weight vector ~. The pair (k ; ) is then selected as
the validation-optimal neighborhood size and weight vector, namely the one achieving the
smallest validation error on the internal validation subset, where the superscript denotes
the validation-optimal choice. Once selected, the learned weights are fixed and used for
prediction on new test points through the weighted KNN rule. This algorithm therefore
provides a complete workflow from training to inference for the proposed distance-weighted
KNN framework.

We analyze the computational complexity of Algorithm 1 by separating the training
and prediction phases. In the training phase, for each candidate neighborhood size k 2

N and then evaluates the

K, the method solves one LP to estimate the feature weights
corresponding validation error. The LP involves 2n + # decision variables, together with
2n inequality constraints for the absolute-error bounds, n equality constraints from the
linearized prediction function, n? inequality constraints for distance control, and # positivity
constraints on the feature weights. Using a standard LP solver, the worst-case cost of one
solve is on the order of O(n?#2) [38]. Therefore, if jKj candidate values are considered, the
total training cost is on the order of O(jKjn?#?), with the LP step dominating the validation
cost.

At the prediction stage, once (K ; ) has been selected, the learned weights are fixed
and no further optimization is required. For each query point, computing the weighted
distances to all n training samples requires O(n#) operations, and the subsequent neighbor
selection and weighted aggregation remain of the same order as standard KNN. Hence, the

additional computational burden of the proposed framework is concentrated in the training

phase, while the test-time complexity remains comparable to classical KNN.

5. Theoretical Analysis

We analyze the proposed method under asymptotic conditions to verify its theoretical

validity. Specifically, we aim to show that the model preserves the locality principle of

15



Algorithm 1: Weighted-KNN Algorithm for Prediction
Require: Training data f(X;;VYi)giL;, candidate neighborhood set K.

1: Split the training data once into internal training and validation subsets, with 20% of

the data used for validation; stratified splitting is used for classification tasks, whereas

a random split is used for regression tasks.
2: Define weighted distance function d as in Equation (1);
3: for each k in K do
4:  Solve the LP in Equation (4) to obtain * by minimizing the linearized prediction
error subject to the constraints; feasibility is guaranteed by Theorem 1.
5: end for
6: Select the validation-optimal pair (K ; ” ) using the task-specific validation criterion
over k 2 K (e.g., accuracy for classification tasks and R? for regression tasks).
7: for each test point X- do
8:  Identify the kK mnearest training samples of X: using da ;
9:  Compute neighbor weights via the distance-decay rule
wi(X:) = (1 +da (Xi;%:)?) YK see Figure 3. Predict ¥ using the learned neighbor
weights: weighted majority vote for classification and weighted average for
regression.
10: end for

11: return Final predictions fy-g, learned weights ” | and selected K .

KNN (see Section 5.1) and achieves Fisher consistency as the dataset size increases (see

Section 5.2).

5.1. Locality Preservation

A foundational principle of KNN-based methods is the locality assumption: points that
are closer in feature space should exert greater influence on predictions. In this section,
we show that the proposed weighted distance metric d preserves this principle, thereby
ensuring that the model remains consistent with the core intuition of KNN.

First, we note that d is continuous and satisfies: If X; ¥ X; then d (Xj;x) ¥ 0: This
continuity ensures that sufficiently similar inputs are assigned small distances, and thus
high influence in both training and prediction. We now show how this principle is explicitly

preserved during both the training and prediction stages of our model.
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(i) Training phase: the linearized surrogate prediction function (Equation (3)) is con-
structed as a weighted average over all training responses, where weights decrease
quadratically with distance. This ensures that the optimization process emphasizes

nearby points and suppresses those that are far, consistent with the locality principle.

M are learned, inference is carried out using a

(ii) Prediction phase: once the weights
soft KNN rule (Equation (2)). Each neighbor’s contribution is scaled by a decreasing

function of distance (1 +d3) /K, ensuring that prediction remains localized.

Together, these mechanisms guarantee that the model preserves KNN’s locality structure
throughout, laying the theoretical foundation for the Fisher consistency result proved in the

next section.

5.2. Fisher Consistency

We establish that the proposed model is Fisher consistent—i.e., its predictions converge
to the Bayes optimal estimator as the sample size increases [39]. Following the classical KNN
asymptotic setting [40, 41], we assumen ¥ 1,k ¥ 1, and k/n ¥ 0, and analyze whether
the learned predictor approaches the Bayes rule.

To begin, we examine the asymptotic behavior of the learned feature weights. Since the
weights are obtained via a data-dependent optimization process, their values may fluctuate
as new samples (X;;Yij) are introduced. Ensuring Fisher consistency therefore requires that
the learned distance metric remains stable as the sample size increases. Theorem 2 shows
that the estimated weights converge to a limiting vector as n ¥ 71 (see supplementary

Section S3.2 for details).

Theorem 2 (Stability of the Weights). Let ~(n;k) denote the solution of the LP in The-
orem 1 computed from n training samples and k nearest neighbors. Under the assumptions
of Theorem 1, andasn ¥ 1,k ¥ 1, and k/n ¥ 0, the estimated weights converge to a
limiting vector , that is,

An;k) X

Given this stability result, we now analyze the consistency of the resulting prediction
rule. Theorem 3 shows that, under the corresponding prediction rule in Definition 2, the
predictor ¥ converges to the Bayes-optimal rule under standard asymptotic conditions (see

supplementary Section S3.3 for details).
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Theorem 3 (Fisher Consistency). Under the assumptions of Theorem 1, and using the
prediction rule from Definition 2, the model satisfies Fisher consistency for any new input
X-. Thatis,y ¥ h(x:) asn ¥ 1; k ¥ 14, and k/n ¥ 0; where h (x:) denotes the
Bayes-optimal prediction defined as follows:

8
% P(Y =1jX =x) 1 ; (Binary classification)
h (x-) = _000 DZDYD o(X); (Multi-class classification)
C
-E[Y j X =x]: (Regression)

Importantly, the consistency result does not depend on the specific form of the learned
weights, but only requires that the resulting distance metric satisfies basic locality and pos-
itivity conditions. Although the theoretical guarantee holds under idealized asymptotic as-
sumptions—such as large sample sizes and vanishing k/n ratios—these conditions may not
always be satisfied in practical applications. Nevertheless, the proposed method remains
effective in finite-sample settings by minimizing empirical prediction error and adaptively
learning the weight vector  from data. This data-driven adaptation promotes better lo-
cal structure and neighbor selection, enhancing predictive performance even beyond the

asymptotic setting.

6. Simulation Study

This section evaluates the predictive performance of the proposed KNN algorithm us-
ing the Gurobi optimizer to solve the linearized objective. Euclidean distance is used to
calculate the feature distances, but alternative metrics can be adopted depending on the
application context. For each dataset, we conduct repeated random splits into training and
test sets. Within each training split, an internal validation subset is further generated to
select the neighborhood size K. For each candidate K, feature weights  are learned on the
corresponding internal training data via the proposed optimization model, and validation
performance is evaluated accordingly. The selected k and the associated learned weights are
then used to produce predictions on the outer test set. All simulations are conducted on a
MacBook Pro equipped with an Apple M4 processor, 16GB of RAM, running macOS Tahoe
26.3.
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6.1. Data Generation

We consider three data generation methods: linear, quadratic, and interaction scenarios.
Let there be n training points (the m validation points for performance computation will be

generated the same way), and # features for each vector Xj. The data generation formulas are

as follows, (i) Linear: y; = E=1 alxd + 9ig+1 bixd + (i) Quadratic: y; = ?:1 al ()2 +
9+P iy d)2 N P B q iy J # # 550y d 3l
joper DTO)?+  (iiD) Interaction: y; = [ aixi+ j_ . bixl+ jo 0 jo sixdx] + |

where 1 2 f1;:::;n+mg, and is an additive noise term on the response variable. For the

dataset generation, a‘; ,bJI and Sji-;j[J are drawn from a normal distribution N (0;10). If XJ; is
continuous, it is drawn from a normal distribution N (0; 1). If XJ; is discrete, it is drawn from
a uniform distribution with possible outcomes ¥0; 1;2g. The noise term follows N (0; 1).
To assess the predictive performance of the proposed models under different scenarios,
we consider various combinations of the number of samples and feature dimensions, including
n = 50;100;500 and # = p + q = 4,6; 8, where # represents the total number of variables.
Additionally, the scenarios are divided into three types based on the distribution of discrete
and continuous variables: (a) (p;q) = (#0), (b) (p;q) = (#/2;#/2), and (c) (p;q) = (0;#).
For each setup, we perform 500 repetitions of data generation and use the proposed model

for fitting and prediction.

6.2. Evaluation Criteria

Depending on whether y is continuous or categorical, different evaluation metrics are
used. For regression tasks, we evaluate the model using MSE and R?:
P
1 X pic (Vi ¥)*

MSE = = . W) and R?=1 :
m._; i) inll(yi y)?

where Yj is the true value, ¥ is the predicted value, y is the mean of the target variable, and m
is the number of test samples. MSE measures the discrepancy between predicted and actual
values, with smaller values indicating better performance. R? indicates the proportion of
variance in the target variable explained by the model, with a value closer to 1 representing
a better fit. For classification tasks, we use accuracy and precision as the evaluation metric,
with higher values indicating better predictive performance. Note that this section focuses
on predictive performance for continuous target variables only; results for categorical targets

are reported in supplementary Section S5.2.
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6.3. Performance under Varying Sample Size and Feature Dimension

First, we present the predictive performance of the proposed model under different
scenarios and parameter settings. As an example, we showcase the results for scenario (b)
across various values of n and #, as shown in Figure 4. Detailed results for other scenarios are
provided in supplementary Section S5.1. Our conclusions are as follows: (1) As n increases,
the MSE almost always decreases, while the R? almost always increases. This trend occurs
because a larger sample size allows the model to better fit the data, thereby improving
predictive accuracy; (2) As # increases, the MSE increases, while R? declines. This happens
because a higher # adds complexity to the model. However, if the sample size n grows faster

than #, MSE decreases, and R? improves.
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Figure 4: Predictive performance of the proposed method under linear-data scenario (b), measured by MSE
(left) and R? (right), across di erent sample sizes and feature dimensions

6.4. Comparison with Other Methods

To illustrate the performance of the data-driven weighted-KNN method, we compare
it with three state-of-the-art methods. These methods were selected for their relevance and
practicality: they are widely cited in the literature, making them established benchmarks;
they are straightforward to implement, ensuring reproducibility; and they have demonstrated
strong performance on datasets similar to those used in our study, providing a robust basis

for comparison:
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(i) Traditional KNN Method [40]: Neighbors are selected purely based on Euclidean

distance in the feature space, with equal weight assigned to each neighbor.

(ii) Similarity Measures Method [12]: this approach uses tailored similarity scores for
categorical features, such as Overlap, Occur-Frequency (OF), and Eskin measures.

These similarity scores replace Euclidean distance in the neighbor selection step.

(iii) Generalized Weighted Distance KNN (GwKNN) [19]: this method introduces learnable
weights for neighbors and features. The weights are optimized using a gradient-based
method to minimize prediction loss, adapting both neighbor contributions and feature

relevance.

Specific details and implementation procedures for these methods are provided in supple-
mentary Section S5.3. Next, we compare the predictive performance of these methods across
different scenarios in # (Section 6.4.1), feature importance (Section 6.4.2), and response-noise
levels (Section 6.4.3).

6.4.1. Performance under Di erent Predictor Compositions

This section evaluates different methods under three predictor-composition scenarios:
continuous-only, continuous—discrete, and discrete-only predictors. Figure 5 presents a com-
parative analysis of these methods. Note that the R? score is reported only for the proposed
method and traditional KNN, as MSE measurements showed suboptimal performance for

the other methods. From this figure, we can draw the following conclusions:

= In Scenario (a), which involves only continuous data, the proposed method experiences
a slight decline in performance, reflected by marginally higher MSE and more variable
R? values. Although the proposed method shows slightly worse MSE compared to tra-
ditional KNN and GwKNN, it achieves better R? values. Furthermore, it significantly

outperforms similarity-based methods.

= In Scenario (b), which includes both continuous and discrete predictors, the proposed
method performs comparably to methods like KNN and GwKNN, particularly in terms
of consistency and reduced variability. It is important to note that we set a{ ; bJI ,CJI to
be drawn from N (0; 10), meaning that the weights for different data types are similar,
which aligns with the traditional KNN approach. This explains why the MSE results

are similar to ours. However, the proposed method has an advantage in terms of R?,
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as it adjusts the distance weights in a data-driven manner, allowing for better fitting

to the data.

< In Scenario (c), which involves only discrete data, the proposed method demonstrates
superior performance with lower MSE and higher R? values, even when compared to

methods that specialize in handling discrete data, such as similarity measures (Overlap,

Eskin, OF).

In summary, under the assumption of similar weights in the data generation mechanism, the
proposed method shows robust performance across all scenarios. It achieves nearly optimal

R? values, with MSE results comparable to the state-of-the-art methods.
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Figure 5: Comparison across methods under interaction-based data generation (# = 4, n + m = 500),
reporting MSE on a log scale (left) and R? (right) across scenarios (a—c).

6.4.2. Feature Importance Variation

In the previous section, we assume similar weights for different features. However, in
practice, some features may be more important, as shown by the examples in Section 1.
Therefore, in this section, we adjust the weights of each feature (al, etc.) and regenerate
the simulated data to examine how varying feature importance affects model fitting and
prediction performance. Figure 6 presents the predictive performance results in the scenario

with interaction, where we set two special cases: one with larger weights for continuous
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variables and smaller weights for discrete variables, and the other with the opposite configu-
ration. The results show that when feature weights are highly imbalanced, the performance
of other methods decreases, mainly because the less important features affect model fitting
and predictions. In contrast, our method automatically adjusts weights in a data-driven
manner, ensuring prediction accuracy and reliability, further confirming its robustness in

handling varying feature importance distributions.
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Figure 6: Predictive performance in Scenario (b) with an interaction-based model (n + m = 100, # = 4)
under two feature-importance settings (a)-(b). MSE (log scale, left) and R? (right) are reported to illustrate
how varying feature importance a ects di erent methods.

6.4.3. Noise Sensitivity Analysis

This section focuses on the impact of varying response-noise levels on the predictive
performance of different methods. Using Scenario (c¢) as an example, Figure 7 shows the
predictive performance of different methods under varying noise levels with # =4, n+m =
200, and interaction-based data generation. Note that the GwWKNN method is excluded from
the simulation due to difficulties in determining appropriate tuning parameters and (a
limitation of this method), which leads to consistently low R? values across all scenarios. The
results show that the proposed method exhibits robust performance across all noise variances,
with lower MSE and higher R? values. As the response-noise variance increases from 1 to 10,
the predictive performance of all methods, including the proposed one, decreases. However,
our method maintains the best MSE and R? values, indicating its relative resilience to
noise. This indicates that while all methods are affected by noise, the proposed method is

less sensitive, underscoring its robustness.
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